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As an energy storing and converting device near atomic size, quantum battery (QB) promises an
enhanced charging power and extractable work using quantum resources. However, the ubiquitous
decoherence causes its cyclic charging-storing-discharging process deactivated, which is called aging
of QB. Here, we propose a mechanism to overcome the aging of a QB. It is found that the decoherence
of the QB is suppressed when two Floquet bound states (FBSs) are formed in the quasienergy
spectrum of the total system consisting of the QB-charger setup and their respective environments.
As long as either the quasienergies of the two FBSs are degenerate or the QB-charge coupling is
large in the presence of two FBSs, the QB exposing to the dissipative environments returns to its
near-ideal cyclic stage. Our results supplies an insightful guideline to realize QB in practice using
Floquet engineering.
Introduction.—Battery is a device that stores chemical
energy and converts it into electrical energy. The devel-
opment of microscopic electronic equipments appeals to
battery in molecular or even atomic size, where quantum
mechanics takes effect. It inspires the birth of quantum
battery (QB) [1]. QB holds the promises on higher en-
ergy storing density in large scale integration and faster
charging power than its classical counterpart [2]. Studies
in the past years have shown the distinguished role of
quantum resources in improving the performance of QB,
such as work extraction [3–5], charging power [6–10], and
stabilization of stored energy [11]. These progresses pave
the way to realize QB from the physical principle.
However, the performance of QB well developed in uni-
tary evolution [1, 6, 7, 9, 12–15] is obscured by the ubiq-
uitous decoherence in practice. It severely constrains the
practical realization of QB. Degrading the quantum re-
sources of the QB, decoherence caused by the inevitable
interactions of the QB with its surrounding environment
generally deactivates the QB, which is called the aging
of QB [16]. Thus, the general analysis to QB must re-
sort to the open system approach. Previous studies on
this topics are mostly based on Markovian approxima-
tion [16–20]. It has been found that the efficiency of
QBs is reduced with time in the Markovian approximate
description to decoherence [16–18]. Based on the fact
that the Markovain approximation may miss physics, es-
pecially when systems and environments form a hybrid
bound state [21–25], the non-Markovian description to
decoherence [26–28] in QB is much desired. The recent
studies indeed reveal the constructive role of the non-
Markovian effect in improving the performance of QB
[29–31]. However, they did not touch the cyclic process
of charging, storing, and discharging of QB, which causes
the QB system periodically dependent on time. There-
fore, a complete analysis to the decoherence dynamics of
cyclic charing-storing-discharging process of QB and an
efficient method to postpone the aging of QB are still
absent.
We here propose a mechanism to overcome the aging
of a dissipative QB. After modelling the QB and the
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FIG. 1. (a) Schematic illustration of the QB-charger setup,
where T = τc +τs +τd is the one-cycle period with τc, τs, and
τd being the time of charging, storing, and discharging. (b)
Evolution of the QB energy E(t) when δ = 0 (red solid line)
and δ = 10ωb (purple dashed line) in the ideal case. The blue
dot-dashed line is the result in the presence of the Markovian
decoherence with Γ = 0.5ωb and δ = 0. We use κ = 15ωb,
τs = 2pi/(10ωb) and τc = τd = pi/(2κ) .
charger as two-level systems, we investigate the cyclic
charing-storing-discharging evolution of the QB-charger
setup exposing to dissipative environments by Floquet
theory. It is found that, in sharp contrast to Markovian
result, the energy of the QB in the non-Markovian dy-
namics exhibits diverse long-time features, including the
complete decay, energy trapping, and persistent oscilla-
tion. Our analysis demonstrates that they are essentially
determined by the different numbers of Floquet bound
states (FBSs) formed in the quasienergy spectrum of the
total system consisting of the QB-charger setup and their
respective environments. It gives us an insightful instruc-
tion to manipulate the quasienergies of the two FBSs such
that the QB is reactivated to its near-ideal cyclic stage.
This is realizable when the quasienergies of the two FBSs
are degenerate or the QB-charger coupling is large. Our
result may give a guideline to realize QB in practice.
Ideal QB scheme.—A battery is a device that stores
and converts energy. The basic idea of a QB is to use the
discrete energy levels of a quantum system for energy
storage and conversion [32–38]. Without loss of general-
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2ity, we consider a two-level system as the QB [3, 7, 30, 31].
Charging the QB is to change its state from the ground
state to the excited state. This can be realized by cou-
pling the QB to a quantum charger, which also can be
modeled by a two-level system. After the charging, the
QB-charger coupling is switched off and the energy is
well stored in the QB. The usage of the QB causes its
discharging, which can be described by its interaction
with a target system. We here describe the discharg-
ing by switching on the QB-charger interaction again for
simplicity. A good performance of the QB needs that the
charging, storing, and discharging processes works cycli-
cally [see Fig. 1(a)]. The cyclic evolution is governed by
the Hamiltonian
Hˆ0(t) =
∑
l=b,c
~ωlσˆ†l σˆl + ~κf(t)(σˆ
†
bσˆc + H.c.), (1)
where σˆl = |gl〉〈el|, with |g〉 and |e〉 being the ground and
excited states of the two-level systems, are the transition
operators of the QB and charger with frequency ωl, and
κ is their coupling strength. The time-dependent f(t) is
f(t) =

1, nT < t ≤ τc + nT
0, τc + nT < t ≤ τc + τs + nT
1, τc + τs + nT < t ≤ (n+ 1)T
, n ∈ N, (2)
where τc, τs, and τd are the time of charging, storing,
and discharging, respectively, and T = τc + τs + τd is the
one-cycle period. Given the initial state |ψ(0)〉 = |gb, ec〉,
we can obtain the dynamical solution |ψ(t)〉 governed by
Eq. (1). The performance of the QB is quantified by its
mean energy E(t) = ~ωb〈ψ(t)|σˆ†bσˆb|ψ(t)〉. If E(t) reaches
its maximal value ~ωbκ2/Ω2 with Ω =
√
κ2 + δ2 and δ =
(ωc−ωb)/2 at the end of each charging step, and empties
its total energy at the end of each discharging step, then
the QB works in an ideal stage. This is achieved when
Ωτc = (1/2 + n1)pi, δτs = pin2, and Ωτd = (1/2 + n3)pi
with nj ∈ N [39]. Further under the resonant condition
δ = 0, E(t) reaches its optimal value ~ωb. We show in
Fig. 1(b) the time evolution of E(t). The energy is zero
at the initial time of each charging-storing-discharging
cycle and reaches its maximal after the charging process
τc. Then after a storage in a time duration τs, the energy
is emptied after the discharging process.
Effect of dissipative environments.—Actually, any re-
alistic QB-charger setup is inevitably influenced by its
outer environments and experiences decoherence. It is
important to access whether the QB still performs well
when the deocoherence of both the QB and the charger is
considered. Depending on whether the system has energy
exchange with the environment, the decoherence can be
classifies into dephasing and dissipation. We concentrate
on the influence of the dissipative environments on the
setup. The Hamiltonian with the environments consid-
ered reads Hˆ(t) = Hˆ0(t) + HˆE + HˆI with
HˆE =
∑
l,k
~ωl,kbˆ†l,kbˆl,k, HˆI =
∑
l,k
~(gl,kbˆ†l,kσˆl + H.c.),(3)
where bˆl,k are the annihilation operators of the kth mode
with frequency ωl,k of the bosonic environments felt by
the QB and charger, and gl,k are their coupling strengths.
The dynamics is calculated by expanding the state as
|Ψ(t)〉 =
∑
l=b,c
[
ul(t)σˆ
†
l +
∑
k
ηl,k(t)bˆ
†
l,k
]|Ø〉, (4)
where |Ø〉 ≡ |gb, gc, {0k}b, {0k}c〉, ub(0) = ηl,k(0) = 0
and uc(0) = 1. We derive from the Schro¨dinger equation
governed by Hˆ(t) that the coefficient ul(t) satisfy
u˙l(t) + iωlul(t) + iκf(t)ul′(t) +
∫ t
0
νl(t− τ)ul(τ)dτ = 0
(5)
where l 6= l′ and the correlation function νl(x) =∫∞
0
Jl(ω)e
−iωxdω with Jl(ω) =
∑
k |gl,k|2δ(ω − ωl,k) be-
ing the environmental spectral densities. The energy of
the QB in this decoherence case reads E(t) = ~ωb|ub(t)|2.
We first consider the situation of ωb = ωc ≡ ω0 and
Jb(ω) = Jc(ω) ≡ J(ω). In the special case where the
QB/charger-environment coupling is weak and the envi-
ronmental correlation time is smaller than the ones of
the QB and the charger, we can apply the Markovian
approximation. Then an analytic result can be achieved.
Equations (5) are decoupled into v˙±(t) ± iκf(t)v±(t) +∫ t
0
ν′(t− τ)v±(τ)dτ = 0 with ν′(x) = ν(x)eiω0x by defin-
ing v±(t) = [uc(t)±ub(t)]eiω0t. Under the Markovian ap-
proximation, replacing v±(τ) in the convolution terms as
v±(t), extending the upper limit of the time-integration
to infinity, and using
∫∞
0
dte−i(ω−ω0)t = piδ(ω − ω0) −
i Pω−ω0 , we readily obtain v±(t) = e
−(Γ+i∆)t∓iκ ∫ t
0
f(τ)dτ ,
where Γ = piJ(ω0) and ∆ = P
∫
dω J(ω)ω0−ω with P be-
ing the principal integral [40]. They induce ub(t) =
−i sin[κ ∫ t
0
f(τ)dτ ]e−[Γ+i(ω0+∆)]t and the Markovian ap-
proximate energy of the QB as
EM(t) = ~ω0e−2Γt sin2
[
κ
∫ t
0
f(τ)dτ
]
. (6)
Equation (6) reveals that accompanying with EM(t) tend-
ing to zero [see the dashed blue line in Fig. 1(b)], the QB
is deactivated under the Markovian decoherence. Such
phenomenon is called the aging of the QB, which has
been reported by other studies [16, 30, 31].
In the general non-Markovian case, the environmen-
tal spectral densities are needed. We explicitly consider
that each environment is described by N × N bosonic
modes on a square lattice. The modes have an identi-
cal frequency $ and the nearest neighbor site coupling
in strength ~q [41–43]. The QB and charger resides in
the site n = (0, 0) and couples to the mode of this
3FIG. 2. (a) Evolution of the energy of the QB and (b)
quasienergy spectrum of the total system in different coupling
strength κ. We use N = 30, ω0 = 2$, g = 0.5$, q = 0.5$
and τc = τs = τd = pi/(2κ).
site in strength ~g. In the momentum space, the en-
vironmental Hamiltonian is written as Eqs. (3) with
ωl,k = $ − 2q(cos kx + cos ky) and gl,k = g/N . Then
the spectral density is calculated via J(ω) = g2%(ω)/N2
with %(ω) =
∑
k δ(ω−ωl,k) being the environmental den-
sity of state as [44]
J(ω) =
g2
2qpi2
Θ(4q − |ω −$|)K
(
1− (ω −$)
2
16q2
)
, (7)
where Θ(x) is the step function and K(x) is the com-
plete elliptic integral of the first kind. Then the en-
ergy E(t) can be obtained by numerically calculating Eqs.
(5). We plot E(t) in different coupling strength κ in
Fig. 2(a). In sharp contrast to the Markovian approx-
imate result, rich dynamical behaviors are observed in
this non-Markovian case. Three distinct parameter re-
gions where E(t) shows qualitatively different dynamics
are present. When κ . 4.1$, E(t) asymptotically decays
to zero, which is consistent with the Markovain approx-
imate one. It is remarkable to see that the destructive
effect of the environments on QB is prevented with in-
creasing κ. When 4.1$ . κ . 4.6$, E(t) approaches
finite value with tiny-amplitude oscillation, which repre-
sents an energy trapping. When κ & 4.6$, E(t) approach
a Rabi-like persistent oscillation with multiple frequen-
cies. The two latter cases signify that the dissipation of
the QB is suppressed.
Floquet engineering to activate the QB.— The diverse
non-Markovian dynamical behaviors can be explained
by the Floquet theory [45–47], which supplies us an in-
0 20 40 60 80
0.2
0.6
1.0
1410 1415 1420
0.155
0.160
0.165 (a)
0 5 10 15 20 25 30 35
0.2
0.6
1.0
(b)
FIG. 3. Evolution of E(t) in the presence of one (a) and two
(b) FBSs. The cyan solid lines are the numerical results by
solving Eq. (5). The blue dashed lines are evaluated from
Eq. (9). The inset of (a) shows the long-time behavior. The
energy in the storage time duration is highlighted by red seg-
ments and the grey area marks the storage time in ideal case.
Parameter values are the same as Fig. 2 except κ = 4.5$ in
(a) and 4.8$ in (b).
sightful understanding to the temporally periodic sys-
tem Hˆ(t) = Hˆ(t + T ) [48–50]. According to the the-
ory, there are a set of time-periodic basis |φα(t)〉 =
|φα(t+ T )〉 determined by the Floquet equation [Hˆ(t)−
i~∂t]|φα(t)〉 = α|φα(t)〉 such that any state evolves as
|Ψ(t) = ∑α cαe−i~ αt|φα(t)〉 with cα = 〈φα(0)|Ψ(0)〉.
The time-independence of α and cα implies that α and
|φα(t)〉 play the same role as eigenenergies and stationary
states of a static system. Thus they are called quasiener-
gies and quasistationary states, respectively. Because
einωT t|φα(t)〉 with ωT = 2pi/T are also the solution of
the Floquet equation with eigenvalues α + n~ωT , the
quasienergies are periodic with period ~ωT and one gen-
erally chooses them within (−~ωT /2, ~ωT /2] called the
first Brillouin zone. Actually the Floquet equation is
equivalent to UˆT |φα(0)〉 = e−iαT/~|φα(0)〉 with UˆT the
one-period evolution operator, from which α and |φα(0)〉
is obtainable. Then applying the arbitrary-time evolu-
tion operator Uˆt on |φα(0)〉, |φα(t)〉 are obtained [51].
The quasienergy spectrum in Fig. 2(b) shows
that besides a continuous quasienergy band, isolated
quasienergy levels in the bandgap area are present. We
call such isolated levels as FBSs, which play important
roles in many systems [52–54] and has been experimen-
tally observed [55–58]. The two branches of FBSs di-
vide the spectrum into three regions: without FBS when
κ . 4.1$, one FBS when 4.1$ . κ . 4.6$, and two
FBSs when κ & 4.6$. It is interesting to find that the
4regions match well with the ones where E(t) shows dif-
ferent behaviors, i.e., complete decay, energy trapping,
and persistent oscillation in Fig. 2(a). The similar cor-
respondence between the bound states and the dynamics
has been reported before [24, 59]. To understand it, we,
according to the Floquet theory, rewrite Eq. (4) as
|Ψ(t)〉 =
M∑
j=1
cje
−i
~ 0jt|φ0j(t)〉+
∑
β∈CB
dβe
−i
~ βt|φβ(t)〉,
(8)
where M is the number the FBSs, cj ≡ 〈φ0j(0)|Ψ(0)〉 and
dβ ≡ 〈φβ(0)|Ψ(0)〉. Due to the out-of-phase interference
of different terms in continuous energy β , the contribu-
tion of the second term in Eq. (8) to E(t) approaches zero
in the long-time condition. Thus E(∞) only contains the
contributions of the FBSs, i.e.,
E(∞)
~ω0
=
M∑
jj′=1
cjc
∗
j′e
−i
~ (0j−0j′ )t〈φ0j′(t)|σˆ†bσˆb|φ0j(t)〉. (9)
If the FBS is absent, then M = 0 and E(∞) = 0. If one
FBS is formed, then M = 1 and E(∞) shows a perfect
oscillation with the same frequency ωT as the FBS. If
two FBSs are formed, then M = 2 and E(∞) shows the
persistent oscillation with multiple frequencies jointly de-
termined by ωT and ∆0 ≡ |01 − 02|. The validity of
Eq. (9) is confirmed by Fig. 3. Although the dissipa-
tion is efficiently suppressed for M = 1, the QB cannot
empty its energy at end of each discharging step [see Fig.
3(a)]. The QB in this case is still badly performed. It
is remarkable to find that the energy for M = 2 almost
behaves as perfectly as the ideal case in Fig. 1(b) except
that the energy in each storage time duration oscillates
in a frequency ∆0 [see Fig. 3(b)] due to the interference
of the two FBSs. If this oscillation is sufficiently avoided,
then the QB would return to its ideal stage.
With the mechanism of the dominated role of the FBSs
in the dynamics of QB at hands, we can reactivate the
QB under the environmental influence by controlling the
quasienergies of the two FBSs. This can be realized
when ∆0 approaches zero. Using perturbation theory,
we can evaluate ∆0 = ~
∑
k,n
(1−2n)g2k|y˜n|2
( 12−n)2ωT−(ω0−ωk)2/ωT
,
where y˜n =
1
T
∫ T
0
dte−inωT ty(t) with y(t) given in Sup-
plemental Material [39]. Keeping only the leading term
n = 0, we can evaluate ∆0 ' 3~g
2|y˜0|2
4pi2κ in the large
κ condition. Figure 4(a) confirms that the energy os-
cillation is slowed down when ∆0 tends to zero with
the increase of κ. In the large κ condition, the two
diagonal terms of Eq. (9) almost become a constant
and the interference terms dominate the large-amplitude
oscillation in period T [see Fig. 4(b)]. The oscilla-
tion of the energy in the storing time duration is thus
stabilized. The leading-order perturbation solutions of
the two FBSs are |φ01(t)〉 ' y(t)e−iωT t σˆ
†
b+σˆ
†
c√
2
|Ø〉 and
FIG. 4. (a) Evolution of E(t) and quasienergy difference ∆0
(blue solid line) of the two FBSs in different κ with δ = 0.
Diagonal terms for j = j′ = 1 (cyan solid line) and 2 (blue
dashed line), and interference terms for j 6= j′ (red dotdashed
line) of Eq. (9) when κ = 15$, δ = 0 (b) and κ = 15$,
δ = 0.5$ (d). (c) Evolution of E(t) and quasienergy spectrum
 in different κ when δ = 0.5$. The energy in storage time
duration is highlighted by red segments in (a, c). The other
parameter values are the same as Fig. 3
|φ02(t)〉 = y∗(t) σˆ
†
b−σˆ†c√
2
|Ø〉 [39], which verify the evolution
behaviors in Fig. 4(b).
We can extend our result to the non-resonant case. Al-
though the quasienergy difference ∆0 of the two FBSs
cannot be zero anymore, we still have chance to make
the QB return to its near ideal stage by increasing κ [see
Fig. 4(c)]. In the large κ regime in the presence of a
small detuning δ, we can evaluate the leading-order per-
turbation solutions of the two FBSs as |φ01(0)〉 ' σˆ†b|Ø〉
and |φ02(0)〉 ' σˆ†c |Ø〉 [39]. They are contained in the
initial state |Ψ(0)〉 as components with probability am-
plitudes c1 = 0 and c2 = 1, respectively. Then according
to Eq. (9), only the FBS |φ02(t)〉 has contribution to the
energy of the QB [see Fig. 4(d)]. This well explains why
the QB returns its ideal cyclic stage with period T in the
nonresonant case.
Discussion and conclusions.— The bound state and
its distinguished role in the static open-system dynamics
have been observed in circuit QED [57] and ultracold
atom [55] systems. The Floquet engineering has become
a versatile tool in controlling dynamics, e.g. to form time
crystal [60], and realizing exotic quantum matters [61] on
demand. These progresses provide a strong support to
our scheme and indicate that our finding is realizable in
the state-of-art technique of quantum optics experiments.
In summary, we have investigated the decoherence dy-
namics of the charging-storage-discharging cyclic evolu-
tion of a QB-charge setup under the influence of the en-
vironments. It is found that, in sharp contrast to the
5Markovian approximate result where the QB asymptoti-
cally approaches deactivation, the QB can be kept alive
in the non-Markovian dynamics. We have revealed that
the mechanism behind this is the formation of two FBSs
in the quasienergy spectrum of the total system consist-
ing of the setup and the environments. In the resonant
case, as long as the quasienergies of the two FBSs are
near degenerate, the QB would be reactivated to a near-
ideal cyclic stage. In the case where a detuning between
QB and charger is present, the QB is also reactivated
by increasing the QB-charger coupling. Our result opens
an avenue to beat the decoherence of QB and to build a
lossless QB by Floquet engineering.
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IDEAL CASE
The cyclic evolution of charging, storing, and discharg-
ing of the quantum battery (QB) is governed by the
Hamiltonian
Hˆ0(t) =
∑
l=b,c
~ωlσˆ†l σˆl + ~κf(t)(σˆ
†
bσˆc + H.c.), (S1)
where σˆl = |gl〉〈el|, with |g〉 and |e〉 being the ground and
excited states of the two-level systems, are the transition
operators of the QB and charger with frequency ωl, and κ
is their coupling strength. We redefine ω0 = (ωc + ωb)/2
and δ = (ωc − ωb)/2 for concise representation. The
time-dependent f(t) is
f(t) =

1, nT < t ≤ τc + nT
0, τc + nT < t ≤ τc + τs + nT
1, τc + τs + nT < t ≤ (n+ 1)T
, n ∈ N,
(S2)
where τc, τs, and τd are the time of charging, storing,
and discharging, respectively, and T = τc + τs + τd is the
one-cycle period. Given the initial state |ψ(0)〉 = |gb, ec〉,
the state at any time |ψ(t)〉 can be obtained by solving
Schro¨dinger equation governed by Eq. (S1). The per-
formance of the QB is characterized by its mean energy
E(t) = 〈ψ(t)|σˆ†bσˆb|ψ(t)〉. The optimal working stage of
the QB requires that the QB reaches its maximal en-
ergy at the end of each charging process, and empties
its energy at the end of each discharging process, i.e.,
|ψ(nT )〉 = |ψ(0)〉 or E(nT ) = 0.
Charging process: Expanding the time-dependent
state |ψ(t)〉 as |ψ(t)〉 = ∑i=b,c ci(t)σˆ†i |g〉, we can calcu-
late that cb(t) and cc(t) satisfy
ic˙b(t) =ωbcb(t) + κcc(t), (S3)
ic˙c(t) =ωccc(t) + κcb(t), (S4)
under the initial condition cb(nT ) = 0 and cc(nT ) = 1.
Their solution read
cb(t) = −i κ
Ω
sin(Ωt), (S5)
cc(t) = cos(Ωt)− i δ
Ω
sin(Ωt), (S6)
where Ω =
√
κ2 + δ2, and their common phase factor
ω0t has been neglected. The energy of QB can be readily
calculated as E = ~ωbκ2 sin2(Ωt)/Ω2. The QB reaches
its maximal value
Emax = ~ωbκ2/Ω2, (S7)
when t = (1/2 +n1)pi/Ω. Thus we choose the time dura-
tion of the charging process as τc = (1/2 + n1)pi/Ω. The
state at the end of each charging process, i.e., t = nT+τc,
reads
|ψ(nT + τc)〉 = 1
Ω
[κσˆ†b + δσˆ
†
c ]|gb, gc〉. (S8)
Storing process: In the storing stage, the QB-charge
coupling is switched off. Then the state evolves as
|ψ(t)〉 = 1
Ω
[κei2δ(t−nT−τc)σˆ†b + δσˆ
†
c ]|gb, gc〉. (S9)
At time t = nT + τc + pin2/δ, the state can go back
to Eq. (S8). Thus we choose the time duration of the
storing process as τs = pin2/δ. The state at the end of
each storing process, i.e., t = nT + τc + τs, reads
|ψ(nT + τc + τs)〉 = 1
Ω
[κσˆ†b + δσˆ
†
c ]|gb, gc〉. (S10)
Discharging process: The QB-charge interaction is
switched on again. The evolved state reads
|ψ(t)〉 = Uˆ ′0(t− nT − τc − τs)|ψ(nT + τc + τs)〉
= Uˆ ′0(t− nT − τc − τs)|ψ(nT + τc)〉
= Uˆ ′0(t− τs)|ψ(0)〉
=
1
Ω
{
κ sin[Ω(t− τs)]σˆ†b + {i cos[Ω(t− τs)]
+δ sin[Ω(t− τs)]}σˆ†c
}
|gb, gc〉, (S11)
where Uˆ ′0(t) = e
− i~ Hˆ′t with Hˆ ′ =
∑
l=b,c ~ωlσˆ
†
l σˆl +
~κ(σˆ†bσˆc + H.c.). When t = τs + pin3/Ω, which defines a
period T = τc+τs+τd with τd = (1/2+n3)pi/Ω, we have
|ψ(T )〉 = |ψ(0)〉.
FLOQUET ENGINEERING
The Hamiltonian with the environments considered
reads Hˆ(t) = Hˆ0(t) + HˆE + HˆI with
HˆE =
∑
l,k
~ωl,kbˆ†l,kbˆl,k, (S12)
HˆI =
∑
l,k
~(gl,kbˆ†l,kσˆl + H.c.), (S13)
where bˆl,k are the annihilation operators of the kth mode
with frequency ωl,k of the bosonic environments felt by
the QB and charger, and gl,k are their coupling strengths.
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We can develop a perturbation method to calculate
the discrete quasienergies of the two FBSs. The Floquet
equation reads
[Hˆ0(t) + HˆE + λHˆI − i~∂t]|φm,α(t)〉〉 = m,α|φm,α(t)〉〉,
(S14)
where λ characterizes the order of the perturbation and
will be set to unit at the end of the derivation. The
notation |〉〉 means that such states are in extended space
and satisfy the following orthogonality [1, 2]
〈〈φm,α(t)|φn,β(t)〉〉 ≡ 1
T
∫ T
0
dt〈φm,α(t)|φn,β(t)〉
= δαβδmn. (S15)
The extended space is named Sambe space, which is
made up of the usual Hilbert space and an extra tem-
poral space. The label m just characterizes the temporal
space. After rewriting m,α = 
(0)
m,α +λ
(1)
m,α +λ2
(2)
m,α and
|φm,α(t)〉 = |φ(0)m,α(t)〉 + λ|φ(1)m,α(t)〉, we can obtain the
terms in different power of λ as
[Hˆ0(t) + HˆE − i~∂t]|φ(0)m,β(t)〉〉 = (0)m,β |φ(0)m,β(t)〉〉, (S16)
[Hˆ0(t) + HˆE − i~∂t]|φ(1)m,β(t)〉〉+ HˆI|φ(0)m,β(t)〉〉 = (0)m,β
× |φ(1)β,m(t)〉〉+ (1)m,β |φ(0)m,β(t)〉〉, (S17)
HˆI|φ(1)β,m(t)〉〉 = (1)β,m|φ(1)β,m(t)〉〉+ (2)β,m|φ(0)β,m(t)〉〉. (S18)
Then we have the first- and second-order corrections to
the quasienergies of the Floquet bound states (FBSs)

(1)
m,β = 〈〈φ(0)m,β(t)|HˆI|φ(0)m,β(t)〉〉, (S19)

(2)
m,β =
∑
n,γ
|〈〈φ(0)n,γ(t)|HˆI|φ(0)m,β(t)〉〉|2

(0)
m,β − (0)n,γ
. (S20)
In the following, we calculate the corrections in different
orders of perturbation.
The zeroth-order equation (S16) is equivalent to
Uˆ0(T )|φ(0)m,α(0)〉 = e
−i
~ 
(0)
m,αT |φ(0)m,α(0)〉, (S21)
where Uˆ0(T ) = T e−i~
∫ T
0
[Hˆ0(t)+HˆE]dt = e
−i
~ Hˆ0,effT with
Hˆ0,eff = ~ω0
∑
l=b,c
σˆ†l σˆl +
2~κ
3
(σˆ†bσˆc + H.c.) + HˆE.(S22)
Here we have assumed τc = τs = τd = pi/(2κ), which
satisfy the optimal working condition derived in the last
section. The solution of Eq. (S21) in the single-excitation
space can be readily obtained. Then applying Uˆ0(t) on
|φ(0)α (0)〉, we obtain

(0)
m,l,k = ~ωk +m~ωT , (S23)
|φ(0)m,l,k(t)〉〉 = eimωT tbˆ†l,k|Ø〉, (S24)

(0)
m,+ = ~ω0 + (m+
1
2
)~ωT , (S25)
|φ(0)m,+(t)〉〉 = y(t)eimωT t
σˆ†b + σˆ
†
c√
2
|Ø〉, (S26)

(0)
m,− = ~ω0 + (m−
1
2
)~ωT , (S27)
|φ(0)m,−(t)〉〉 = y∗(t)eimωT t
σˆ†b − σˆ†c√
2
|Ø〉, (S28)
where l = b, c, we have used ωb,k = ωc,k ≡ ωk and
y(t) =

e−i
κ
3 t, nT < t ≤ nT + T3 ,
e−i
κ
3 (T−2t), nT + T3 < t ≤ nT + 2T3 ,
e−i
κ
3 (t−T ), nT + 2T3 < t ≤ (n+ 1)T.
(S29)
We can readily check that the first-order corrections
are zero

(1)
m,β = 〈〈φ(0)m,β(t)|HˆI|φ(0)m,β(t)〉〉 = 0. (S30)
The second-order corrections of 
(0)
−1,+ and 
(0)
0,− are

(2)
−1,+ = 2
∑
k,n
|~gk√
2
1
T
∫ T
0
dte−i(n+1)ωT ty(t)|2

(0)
−1,+ − ~ωk − n~ωT
=
∑
k,n
~2g2k|fn|2

(0)
−1,+ − ~ωk − (n− 1)~ωT
, (S31)

(2)
0,− = 2
∑
k,n
|~gk√
2
1
T
∫ T
0
dte−inωT ty∗(t)|2

(0)
0,− − ~ωk − n~ωT
=
∑
k,n
~2g2k|fn|2

(0)
0,− − ~ωk + n~ωT
, (S32)
where fn =
1
T
∫ T
0
dte−inωT ty(t). Note that, although the
two quasienergies of 
(0)
−1,+ and 
(0)
0,− are degenerate, the
non-degenerate perturbation theory we developed is still
applicable because the perturbation HˆI does not cause
mixture of the two FBSs |φ(0)−1,+(t)〉〉 and |φ(0)0,+(t)〉〉.
Using the parameter values of Fig. 4(a) in the main
text, we plot in Fig. S1(a) the quasienergies of the two
FBSs via numerically solving the Floquet equation and
via analytically evaluating the above perturbation cor-
rections. It shows clearly that the perturbation the-
ory works well in the large κ parameter regime. Then
we can roughly evaluate the mean energy of the QB by
the perturbation quasienergies in Eqs. (S31, S32). Fig-
ures S1(b) and S1(c) confirm the correctness of the per-
turbation results in Eqs. (S26) and (S28) at t = 0,
which readily induce c1 = −c2 = 1/
√
2 according to
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FIG. S1. (a) Quasienergies of the two FBSs calculated via
numerically solving the Floquet equation (red solid lines) and
via analytically solving the perturbation equations (S31) and
(S32) (blue dots). (b) and (c) Probability distributions of
|φ01(0)〉 and |φ02(0)〉 calculated via numerically solving the
Floquet equation. They validate Eqs. (S31) and (S32). (d)
Diagonal terms for j = j′ = (−1,+) (cyan solid line) and
(0,−) (blue dashed line), and interference terms for j 6= j′
(red dotdashed line) of Eq. (S34) when κ = 15$ analytically
evaluated from the perturbation method. It matches with
the numerical results in Fig. 4(b) in the main text. Other
parameter values are the same as the ones in Fig. 4 (a) and
(b) in the main text.
the initial state |Ψ(0)〉. We also can obtain the contri-
butions of the two FBSs to the energy of the QB us-
ing Eqs. (S26) and (S28). The diagonal terms read
〈φ(0)−1,+(t)|σˆ†bσˆb|φ(0)−1,+(t)〉 = 〈φ(0)0,−(t)|σˆ†bσˆb|φ(0)0,−(t)〉 = 12 ,
and the interference terms read
Re[e−
i
~∆0t〈φ(0)0,−(t)|σˆ†bσˆb|φ(0)−1,+(t)〉]
≈ cos(∆0
~
t)Re[
y2(t)e−iωT t
2
]. (S33)
Then from
E(∞)
~ω0
=
M∑
jj′=1
cjc
∗
j′e
−i
~ (0j−0j′ )t〈φ0j′(t)|σˆ†bσˆb|φ0j(t)〉,
(S34)
we have
E(∞)
~ω0
=
1
2
{
1− cos(∆0
~
t)Re[y2(t)e−iωT t]
}
. (S35)
With increasing κ, the gap between two quasiener-
gies of the two FBSs tends to zero and the oscillation
is slowed down. These analytical components are shown
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FIG. S2. (a) and (b) Probability distribution of the two
FBSs calculated via numerically solving the Floquet equa-
tion, which matches with Eqs. (S39) and (S41). (c) Diagonal
terms for j = j′ = (−1,+) (cyan solid line) and (0,−) (blue
dashed line), and interference terms for j 6= j′ (red dotdashed
line) of Eq. (S34) when κ = 15$ analytically evaluated from
the perturbation method. Other parameter values are the
same as the ones in Fig. 4 (c) and (d) in the main text.
Fig. S1(d) with the parameter values in Fig. 4(b) of
main text, which match well with the numerical results.
Nonresonant case
If a frequency detuning δ between the QB and charge
is present, the degeneracy of 
(0)
−1,+ and 
(0)
0,− would be
broken. We can use the degenerate perturbation theory
to re-derive the zeroth-order FBSs. The Hamiltonian in
this case reads
Hˆδ(t) =~ω0
∑
l
σˆ†l σˆl + ~f(t)(σˆ
†
b σˆc + σˆ
†
c σˆb)
+~δ(σˆ†c σˆc − σˆ†bσˆb) + HˆE. (S36)
Treating the δ term as perturbation, we can evaluate the
first-order correction to 
(0)
−1,+ and 
(0)
0,− in Eqs. (S25) and
(S27) via
det[~δ
(
1 0
0 −1
)
− (0)I] = 0. (S37)
We thus have

(0)
m,+ = ~ω0 + (m+
1
2
)~ωT + ~δ, (S38)
|φ(0)m,+(0)〉〉 = σˆ†b|Ø〉, (S39)

(0)
m,− = ~ω0 + (m−
1
2
)~ωT − ~δ, (S40)
|φ(0)m,−(0)〉〉 = σˆ†c |Ø〉. (S41)
It can be seen that the two quasienergy difference ∆0 =
|−1,+−0,−| cannot be zero anymore even with the pres-
ence of HˆI. In this case we still have chance to make the
QB return to its near ideal stage. Applying the evolu-
tion Uˆ0(t) on Eqs. (S39) and (S41), we have |φ(0)−1,+(t)〉〉
4and |φ(0)0,−(t)〉〉. Then we can roughly evaluate the en-
ergy of the QB. The initial condition induces c−1,+ =
〈φ(0)−1,+(0)|Ψ(0)〉 = 0 and c0,− = 〈φ(0)0,−(0)|Ψ(0)〉 = 1.
Therefore, only the |φ(0)0,−(t)〉〉 has contribution to the en-
ergy of the QB. It reads
E(∞)
~ω0
= 〈φ(0)0,−(t)|σˆ†bσˆb|φ(0)0,−(t)〉, (S42)
which returns to the T -periodic. Therefore, the QB goes
back to the ideal working stage.
These analytical components of the two diagonal terms
and the interference term of Eq. (S34) are shown in Fig.
S2(c) with same parameters in Fig. 4(d) of the main
text. Matching well the numerical results in Fig. 4(d) of
the main text, it shows clearly that only one of the two
diagonal terms dominates the energy. This also explain
why the QB returns its ideal stage in the nonresonant
case.
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